
1077-2626 (c) 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TVCG.2020.2968911, IEEE
Transactions on Visualization and Computer Graphics

IEEE TRANSACTIONS ON VISUALIZATION AND COMPUTER GRAPHICS, VOL. XX, NO. XX, XX 2018 1

Visualization of 3D stress tensor fields using
superquadric glyphs on displacement

streamlines
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Abstract—Stress tensor fields play a central role in solid mechanics studies, but their visualization in 3D space remains challenging as
the information-dense multi-variate tensor needs to be sampled in 3D space while avoiding clutter. Taking cues from current tensor
visualizations, we adapted glyph-based visualization for stress tensors in 3D space. We also developed a testing framework and
performed user studies to evaluate the various glyph-based tensor visualizations for objective accuracy measures, and subjective user
feedback for each visualization method. To represent the stress tensor, we color encoded the original superquadric glyph, and in the
user study, we compared it to superquadric glyphs developed for second-order symmetric tensors. We found that color encoding
improved the user accuracy measures, while the users also rated our method the highest. We compared our method of placing stress
tensor glyphs on displacement streamlines to the glyph placement on a 3D grid. In the visualization, we modified the glyph to show
both the stress tensor and the displacement vector at each sample point. The participants preferred our method of glyph placement on
displacement streamlines as it highlighted the underlying continuous structure in the tensor field.

Index Terms—3D stress tensor field, visualization, glyph, glyph placement, virtual reality, user study.
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1 INTRODUCTION

THE field of solid mechanics concerns the study of
the deformation of solid materials upon application

of physical forces. Solid mechanics is vital in a range of
applications such as: the study of structural strength and
failure analysis in mechanical, civil and aerospace engi-
neering [1], the design of surgical implants [2], and cell
mechanics [3] in biomedical engineering, soil modeling in
geomechanics [4] and deformation of materials in material
science [5]. While researchers have made several advances
in computational modeling and experimental techniques to
solve new problems, there remains a lack of effective visual-
ization techniques for featured mechanical tensor quantities
in these studies. The visualization of these tensor quantities
in tandem with existing computational simulation and ex-
perimental tools can provide domain experts with crucial
insights in their research [6].

Stress and strain are the most common mechanical
quantities studied in solid mechanics. Both the stress and
strain are tensors with similar mathematical properties. So
henceforth, while we only focus on stress visualization,
the design techniques of the stress visualizations employed
here readily apply to the visualization of strain as well.
Stress tensors describe the force acting per unit area in a
material. Mathematically, stress is a symmetric, indefinite,
second-order tensor. At each point the stress tensor has six
independent components which can be represented as three
principal stresses (eigenvalues) in the three orthogonal prin-
cipal directions (eigenvectors). Visualization of stress tensor
fields is challenging because of the large amount of infor-
mation that they contain, i.e., six individual components at
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each sample point. Thus domain experts primarily analyze
tensor data using 2D plots of derived quantities [7]. The
major issue with such an approach is that it does not convey
all information of the tensor field. By visualizing reduced
quantities, researchers may lose some of the insights that
could be gained from the information-rich tensor data.

Even in the visualization community, tensor field visual-
ization is often restricted to 2D slices of 3D data. Attempts
at extending tensor visualization in 3D space have suffered
from issues of occlusion and clutter, particularly in the case
of glyph-based visualizations [8]. Some advances have been
made in combustion turbulence studies where segmentation
and region of interest highlighting are used to enhance ex-
ploration and visualization of 3D tensor fields [9], [10], [11].
However, these strategies are application specific to the spa-
tially dense data from combustion turbulence studies, which
is often not the case with stress tensor field data in solid
mechanics. Stress tensor visualization has some parallels
with diffusion tensor visualization [12], [13], [14]; however,
stress and diffusion tensors have different mathematical
properties. Hence, there is a need for tensor visualizations
designed with a focus for the field of solid mechanics.
Moreover, the development of most of these visualization
techniques is mathematically-driven. However, it is also
crucial to evaluate the effectiveness of these visualization
methods with domain experts. User evaluations studies
have been conducted for tensor glyphs with the context in
nematic liquid crystal alignment [15] and for comparative
analysis of glyph-based techniques with their applicability
to cerebral aneurysms [16]. Further user studies also need to
be undertaken with a focus in mechanical engineering.

In this paper, we present a glyph-based visualization
for mechanical stress tensors. In particular, we first adapt
superquadric glyphs to represent the stress tensor, and then
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utilize a glyph placement strategy to visualize the evolution
of tensor fields in a 3D space with emphasis on minimizing
clutter and occlusion. Then, we perform user studies with
domain experts to evaluate glyph design and placement
strategy. The user studies compare the stress tensor vi-
sualization methods on objective accuracy measures and
subjective user feedback. The results of the user study can
further inform the development of effective visualization of
stress tensor fields and their evaluations.

Our main contribution is adapting the current glyph-
based tensor visualizations for stress tensor field visual-
ization, and the results of a formal user study evaluating
various visualization methods.

2 BACKGROUND AND RELATED WORK

In this section, we relate our work to the techniques devel-
oped in the literature to visualize tensor fields, particularly
with a focus on mechanical stress tensors.

2.1 Local tensor visualization
We base our work on the local method of utilizing glyphs
to represent a single tensor state at discrete positions across
a tensor field. A glyph is a geometric icon which allows
depiction of a tensor by encoding its various parameters
into properties like shape, size, and color.

2.1.1 Glyphs
Our method builds upon the foundational work of Kindl-
mann [17] in the development of superquadric glyphs (SQ
glyphs) to visualize diffusion tensors in magnetic reso-
nance imaging. Kindlmann’s SQ glyphs combined useful
features of the ellipsoid and cuboid glyphs to represent
the diffusion tensor, but they were limited to only visual-
izing positive-definite second-order tensors. To overcome
this limitation, Schultz et al. extended the superquadric
glyphs (extended SQ) to depict positive-definite, indefinite,
or negative-definite symmetric second-order tensors [18], at
the cost of being visually more complex than SQ glyphs.

Among all of the glyphs in the literature, extended SQ
glyphs appear to be the best choice for stress tensor visu-
alization as they can illustrate all the permissible states of
the stress tensor, while equally prioritizing all the principal
stress components in the visualization. Also, Abbasloo et
al. [19] used extended SQ glyphs in the visualization of
the stress tensor, where the work addressed data uncer-
tainty in second-order tensor fields. However, the extended
SQ represents positive-definite and negative-definite tensor
state with a convex glyph and the indefinite tensor state
with a concave glyph. Nevertheless, all six independent
components of the tensor state are already encoded in the
size and color along the glyph axes and their orientation.
Thus, the additional dimension of information about the
signs of the eigenvalues encoded by the convexity or con-
cavity of each glyph shape is redundant and increases the
visual complexity of the extended superquadric glyph. In
our method, we use simpler SQ glyphs in tandem with a
diverging colormap based encoding to represent all states
of the mechanical stress tensor. The color encoding makes
our glyph easier to interpret and reduces the user errors in
deciphering the tensor states.

In the selection of glyph for visualization in our work,
we also considered other glyphs developed to represent
mechanical stress tensors. We eventually did not use these
glyphs because of their various limitations. For example, the
Haber glyph encodes stress into a geometric combination of
cylindrical and elliptical glyphs [20]. The primary limita-
tion of this is that it only focuses on the major principal
stress. The Reynold glyph encodes the normal stress in
any direction through its shape and color [21]. However,
the Reynold glyph is visually complex and suffers from
information contraction [22]. Similar to the Reynold glyph,
the HWY glyph shows shear stresses [4]. Its limitations are
that it does not show the directions of shear stress, it is a
nill glyph for isotropic stress direction, and it has a visually
complex shape. Kratz et al. comprehensively compare the
commonly used glyphs with context in mechanical engi-
neering, motivates design of tensor glyphs based on its
invariants and introduces multi-perspective visualization of
the tensor fields [6], [13]. Gerrits et al. [23] proposed glyphs
to account for applications requiring more general second-
order tensors beyond the requirements for stress tensors.

2.1.2 Glyph placement
Tensor glyph placement approaches in 3D suffer from clut-
ter and occlusion issues, and limitations in highlighting
continuous features in the underlying tensor field. Directly
placing tensor glyphs on a regular 3D grid with large
spacing may decrease occlusion, but this glyph placement
strategy does not show the continuous underlying structure
in the tensor field and also has the visual artifacts asso-
ciated with regular sampling. To display the continuous
structures in the tensor field, Shimada et al. presented the
work on a particle-based approach to accomplish adaptive
anisotropic meshes conforming to a given tensor field [24].
Kindlmann et al. improved on this approach by utilizing
the potential energy field from the tensor field to achieve
dense glyph packing [25]. These approaches have been
more successful in 2D compared to 3D because while they
show some continuous structure in the tensor field, they
do not solve the issue of clutter and occlusion in 3D. In
2016, Marai et al. [11] explored tensor glyph placement on
velocity streamlines for visualization of dense tensor fields
in computational turbulence studies. However, the domain
experts in the research did not gain new insights from this
glyph placement strategy compared to glyph placement on
a 3D grid. In context of diffusion tensor visualization, glyphs
have been placed on streamlines to highlight the continuous
structures in the tensor field [26], [27].

The other tensor glyph placement strategy developed for
2D [28], [29], [30] focuses on dense glyph packing to show
features in the tensor fields. But such methods cannot be
directly extended to 3D space, as dense glyph packing in 3D
space leads to occlusion and clutter. Thus, in our method,
we focused on strategically and sparsely placing glyphs
to avoid occlusion and reducing clutter in 3D space while
showing the inherent continuous features of the underlying
stress tensor field while reducing clutter and occlusion.

2.2 Continuous tensor visualization
Continuous tensor visualization methods emphasize the
global structures and regional coherence of tensor fields.
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Usually, these methods either show scalar or vector quanti-
ties derived from the tensor field. A comprehensive review
of various continuous tensor visualization methods has
been presented by Kratz et al. [8].

Our work does not belong entirely under the continu-
ous tensor visualization methods but is instead a hybrid
between local and continuous tensor visualization methods.
Like traditional vector methods, we exploit the derived
vector field from the tensor field in our visualization. In the
literature [31], [32], [33] approaches to visualize tensorlines,
streamlines of an eigenvector of a tensor field, have been
used to visualize the underlying tensor field. But these
methods only focus on one eigenvector. Visualization of
tensorlines has been extended to hyperstreamlines [34], [35],
[36] and superquadric streamtubes [37], which incorporate
the other eigenvectors and eigenvalues, but due to clutter
are limited to low resolution. Instead, we use streamlines
of the displacement vector field to show the continuous
structures of the stress tensor field.

3 METHODS

Here we present a glyph and placement design strategy for
visualization of 3D stress tensor fields. We then perform user
studies to evaluate our method against the current glyph
based methods for stress visualization. We hypothesize that
our visualization method is more intuitive to interpret and
reduces user errors compared to current tensor visualization
methods.

3.1 Glyph
3.1.1 Our glyph method
To represent all the states of the stress tensor, we color
encoded the SQ glyph to differentiate the positive and
negative principal stress values. We used a diverging red-
blue colormap to show both the sign and the magnitude of
the principal stresses as shown in Figure 1. The red colored
and blue colored portions of the colormap indicate positive
and negative principal stresses respectively.

The color encoding process is detailed as follows. First,
we computed the Euclidean distance of each point on the
glyph surface to points on the glyph surface intersecting
with the principal directions. The set of points having the
smallest distance for a particular principal direction were
assigned to it, and colored to encode the corresponding
principal stress value, as similarly done by Schultz et al.
[38]. The distances assigned to each principal direction were
linearly normalized between 0 and 1. Assume a point hav-
ing a normalized distance d to its principal direction with
a stress value of σ. For this point, its principal stress value
was transformed to σ(1 − d4) and was then color encoded
from the diverging red-blue colormap.

3.1.2 Glyph user study
We designed user tasks to evaluate participant accuracy in
determining the principal stresses and directions and the
subjective feedback for each glyph method.

As user tasks, subjects were shown a range of stress
states for each glyph method on a traditional desktop screen.
For each glyph, subjects estimated all the principal stresses

and directions in a Matlab GUI. We estimated user accuracy
by computing absolute principal stress error and principal
direction error. The absolute principal stress error (σe) is
defined as, σe = |σt−σu|. Here, σt is the true principal stress
value and σu is the user estimated principal stress value.
The principal direction error is the angle between the true
and participant estimated principal direction. The principal
direction error is less meaningful for nearly isotropic stress
states. However, the goal of these error metrics was for
comparative analysis of the various glyph methods instead
of providing absolute errors for each glyph method.

In each post-task questionnaire, we collected the subjec-
tive feedback for each glyph method. Users rated each glyph
method for its mental demand, temporal demand, and user
preference rating. Mental demand and temporal demand
are based on the NASA-TLK scale [39]. Mental demand
is defined as the mental and perceptual activity required
in completion of the task. Higher values indicate that the
task completion required greater mental demand. Temporal
demand is defined as the time or inverse user pace required
in completion of the task. Higher values indicate the task
required more temporal demand, or that the participant
had a slower pace in task completion. For user preference
rating, participants rated the method on a seven-point Likert
scale [40]. Higher values indicate a greater preference for the
glyph.

3.1.3 Glyph conditions

In the user task, we compared our red-blue colored SQ
glyph against a baseline of the extended SQ glyph. To isolate
the differences produced by a change in shape and change in
color encoding, we added an intermediate condition where
we only changed the color encoding of the extended SQ
glyph to the red-blue color encoding. Hereafter, we will
use the following abbreviations for the glyph methods: A =
extended SQ glyph; B = red-blue color encoded extended
SQ glyph; and C = red-blue color encoded SQ glyph.
Overall, we performed glyph accuracy user study on three
conditions: A as a baseline condition or control; B as an
intermediate condition; and C as our glyph method (see
Figure 1).

3.1.4 Glyph dataset

Each task consisted of a visualization method paired with
the same set of stress tensor data across tasks. In our pilot
studies, we found accuracy and difficulty of the task to
be a function of the dataset, and thus we ensured that
participants saw the same set of stress tensor data for each
visualization method. We carefully generated nine stress
states in the dataset to cover the range of principal stress
value and direction combinations. The set of stress states
were normalized to have minimum and maximum principal
stress value to be between -1 and 1. As discussed earlier, the
principal direction error is ill-defined for nearly isotropic
cases. However, only one of the nine stress state in the
test was close to an isotropic tensor state. As such the
deficiency of the error metric will have minimal influence
on the user principal direction estimation error in the trial.
We then generated an additional three stress tensor states to
be used for participant training. The details of tensor states
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Fig. 1. Glyph methods used as conditions in the glyph evaluation trial.
σ1, σ2 ,and σ3 denote the principal stresses, and d1, d2, and d3 denote
the principal directions.

used in training and testing are described in Supplementary
Information.

3.2 Glyph placement strategy

3.2.1 Our glyph placement method

Our method places stress tensor glyphs on 3D displacement
streamlines. This glyph placement approach shows the in-
herent continuous structures of the underlying stress tensor
field while sparsely placing glyphs to avoid clutter in 3D
space.

Displacement field has a direct physical meaning con-
nected with both stress and strain in mechanical engineer-
ing. A displacement field precisely describes the motion of
each point in a solid. And a strain field is a deformation
measure describing the ratio of deformation or displacement
of a point in a solid relative to its original length. Addition-
ally, the constitutive material properties of the solid define
the relationship between the stress and strain fields. Thus,
we exploit the inherent connection of the displacement field
with the stress and strain fields in the visualization of the
stress or strain tensor field. However, the displacement field
can also have a rigid body motion component, which does
not contribute to the material deformation or the material
stresses. Thus, we remove the rigid motion components

0

0.5

1

Displacement
magnitude (|u|)

Glyph A Glyph C

Displacement 
direction

Displacement 
direction

Fig. 2. A combined glyph showing both the local stress state tensor and
displacement vector at a discrete location.

from the displacement fields in the visualization. Hence-
forth, the usage of the term displacement field refers to the
displacements having no rigid body motion components.

Streamlines are useful in the visualization of displace-
ment fields. In our visualization, we generate streamlines
from random points in 3D space with a constraint on the
minimum separation distance between two streamlines. The
glyphs are placed on these streamlines with a constant
glyph center-to-center spacing between glyphs and along
the streamline. We modify the glyph to show both the
local stress tensor and displacement vector as shown in
Figure 2. Rods are used to describe the displacement vector.
The length and color of the rod indicate the magnitude
of the displacement vector. The displacement vector points
along the axis of the rod towards the tensor glyph. In our
visualization, the user can observe both the displacement
and the stress tensor field at the same time.

3.2.2 Glyph placement user study
We used insight-based evaluation to compare the visual-
ization methods [41]. Our tasks aimed at testing how well
participants understand the stress tensor and displacement
field for each visualization method. Experts in solid mechan-
ics look for different scientific features in a stress tensor
field depending on the given scientific problem. Accord-
ing to our best general description for solid mechanics
experts intention, they are all trying to find regions of stress
concentrations or high stress values, and understanding
the variation of stress tensor around such concentrations.
We developed tasks to capture the accuracy of subjects in
identifying such features and gaining insights into the stress
and displacement field. As a user task, subjects were shown
coupled stress and displacement fields in virtual reality
(VR) for each visualization. Subjects had to find stress and
displacement insights in each visualization method.

Participant tasks and the scoring system for the stress
insights were:

• Find local tensile and compressive principal stress
maxima (one point for each maxima found). These
stress values can be in any principal direction.

• Find the absolute maximum principal stress (one
point for each maximum found). These stress values
can be in any principal direction.

• On the previously found absolute maximum prin-
cipal stress, determine the relative magnitude of
principal stresses and principal direction on the same
glyph (one point for each principal stress and direc-
tion pair).
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• Describe the local variation of all three principal
stresses and directions around the previously iden-
tified glyph (one point for each principal stress and
direction pair variation).

Participant tasks and the scoring system for the displace-
ment insights were:

• Find the local displacement magnitude maxima (one
point for each maxima).

• Find the maximum displacement magnitude (one
point for each maximum).

• In the previously identified point, find the direction
of the displacement vector (one point).

• Draw two displacement streamlines starting from
two different local displacement magnitude maxima
(one point for each streamline).

Through these user tasks, we recorded the stress and
displacement insight errors, which are defined as the ratio
of total incorrectly and unidentified insights to the total
number of true insights in the visualization. In the post-task
questionnaire, we record user mental demand, temporal
demand, and user preference rating, as previously defined
in section 3.1.2, for each visualization method.

3.2.3 Glyph placement conditions
In the user task, we aim to compare displacement streamline
glyph placement against 3D grid glyph placement coupled
with the choice of the tensor glyph (see Figure 3). Hereafter,
we will use the following abbreviations for the visualization
methods conditions used in the user tasks: AG: glyph A
on a 3D grid; CG: glyph C on a 3D grid; AS: glyph A on
displacement streamline, and CS: glyph C on displacement
streamline. All tested visualization methods also have the
same displacement rod glyph attached to the tensor glyph
as discussed earlier.

3.2.4 Glyph placement datasets
Each trial consisted of a visualization method and a dataset
pairing. In our pilot studies, we found the user accuracy per-
formance correlated with the dataset. However, the nature
of the tasks meant that using the same dataset for each visu-
alization would lead to user memorization of task answers.
We wanted to avoid such a scenario, thus each visualization
method had different but similar kind of tensor field.

For each visualization method, we showed the subjects
two types of tensor fields. In the first type of the tensor field,
using FEniCS, we simulated Gaussian traction fields applied
on the top surface of a cuboidal solid. We varied the number,
location, amplitude, and standard deviation of the Gaussian
traction boundary condition for each visualization method.
For the second type of tensor field, we used an analytical
solution of the Eshelby inclusion problem [42], [43] where an
eigenstrain is applied to a spherical inclusion in an infinite
elastic body. In the visualization, we showed the tensor field
in a cubic region cropped around the spherical inclusion. For
different visualization methods, we changed the eigenstrain
applied to the spherical inclusion. Overall, the user trial
involved two tensor field datasets for the four different
visualization methods. The details of the tensor field dataset
generation is provided in Supplementary Information.

Glyph on 3D grid

Glyph on displacement streamlines

Fig. 3. Glyph placement strategy for glyph C. Top: Glyphs placed on a
3D grid. Bottom: Glyphs placed at displacement streamlines with a con-
stant distance between them along the streamline (see Supplementary
Information and Supplementary Video 1).

4 EXPERIMENTAL DETAILS

4.1 Experimental Design
In the glyph evaluation experiment, we used a 3x9 within-
subject design, i.e., each subject saw every experimental
condition with the following independent variables: glyph
(A, B, and C), and test cases (9 stress tensor states).

In the glyph placement evaluation experiment, we used
a 2x2x2 within-subject design with the following indepen-
dent variables: glyph (A and C), glyph placement (on a grid
and on displacement streamline), and test cases (2 different
tensor fields).

All the tasks for each experiment were completed in
series. We used Latin squares to randomize the ordering
of visualization methods within each trial to counteract the
order effects in the experimental results.

4.2 Hypotheses
Our hypotheses were:

• In glyph methods, glyph C would perform the best
in terms of user accuracy and subject feedback in
determining the state of stress tensor.

• Glyph placement on streamline would outperform
placing glyphs on a 3D grid and glyph C will out-
perform A in tensor field visualization.

4.3 Apparatus
The glyph evaluation experiments were performed on tra-
ditional desktop monitor (ASUS model VE278Q, 1980x1080
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Fig. 4. Matlab GUI for conducting glyph evaluation user trial. A glyph
representing a stress state is shown on the right, colormap and size
estimator on the left, and sphere on which subjects estimate principal
directions is on the center.

resolution, 27 inch wide) and using standard mouse and
keyboard. Monitor, keyboard, and mouse were kept on a
desk and participants sat on a chair with a viewing distance
of about 2 feet away. Participants were free to adjust the
height of the seat and distance from the desk. Participants
performed the glyph evaluation trials on a Matlab GUI.

We conducted the glyph placement evaluation experi-
ments in VR. We generated the visualization using HTC
VIVE VR system which was powered by Unity software.
Participants wore the HTC VIVE VR headset (1080 x 1200
resolution per eye, 110 degrees field of view and 90 Hz
refresh rate) and held HTC VIVE controller in each hand
to interact with the visualization. The VR system was set up
in a 13 by 10 feet moving area for the participants. Two base
stations, placed diagonally across the moving area, were
used for motion tracking.

4.4 User interaction

In the glyph evaluation task, participants used a mouse and
keyboard to interact with a Matlab GUI (see Figure 4) to es-
timate the principal stress values and directions for a given
glyph. A glyph, representing a stress state for the trial, is
shown on the right in the GUI. Users use the colormap and
glyph size estimators on the left in the GUI to estimate the
principal stress values. In a dialog box, participants log their
estimation for a particular stress value. Participants then
estimate the corresponding principal direction by clicking
a point on the surface of the sphere located in the center of
the GUI. In this task, participants need to select the point on
the sphere surface at which the principal direction would
intersect with the surface of the sphere if the glyph were in
the center of the sphere. Participants were not allowed to
change the viewpoint from which the glyph was observed.

In the glyph placement user study, participants could
change the scale and rotate the visualization using VR
controllers. Participants first explored the visualization in
VR, and then answered the ordered stress and displacement
insights questions verbally and by pointing out locations
using the controller. The person examining the study could
observe the participant VR view on a desktop screen and
logged the user results. All participants were observed by
Mohak Patel.

4.5 Timing and training
Participants at the beginning of the user study completed an
IRB consent form. Then, we evaluated participants mental
rotation ability using the Cube Comparison Test from the
ETS Kit of factor-referenced cognitive tests [44]. We then
explained a glyph method to the participants and trained
the participants in the GUI environment and glyph method
with the three training tensor states for each visualiza-
tion method. Participants next completed the corresponding
glyph method evaluation trial. On the completion of each
task for all glyph methods, participants provided subjective
feedback on the glyph method in the post-task questionnaire
and debriefing session. This process was repeated for the
remaining two glyph methods.

Glyph placement trials followed the glyph trials. We
explained participants the glyph placement methods, and
stress and displacement insight questions for the glyph
placement evaluation task. The participants were then
trained on using the controller to interact with the visu-
alization environment. Following the training, participants
completed the glyph placement trials.

The user training before the test evaluation ensured
that short-term learning effects were minimized. However,
our user study design cannot measure long-term learning
effects. Designing user studies to evaluate the long-term
learning effects will be insightful to explore in future stud-
ies.

At the end of each task, participants provided subjective
feedback for the method in post-task questionnaire and
debriefing sessions. At the end of the trial, participants
provided their background information. Each study trial
took on average about 2 hours and participants were given
breaks between the tasks.

4.6 Participant pool
Two female and ten male subjects participated in the study.
The mean age of the participants was 25 years. Subjects
were drawn from two mechanical engineering undergrad-
uate students, one material science doctoral student, three
biomedical engineering doctoral students and six solid me-
chanics engineering doctoral students. Before completion of
the user study, seven participants had no VR experience,
four subjects had experienced VR once, and one subject had
experienced VR multiple times. All subjects participated in
all the possible combinations trial conditions for the user
study.

4.7 Statistical Tests
The study used within-subject factors to compare the stress
visualization methods. To compare visualization methods or
treatments for statistically significant differences, we used
one-way repeated measures analysis of variance (One Way
RM ANOVA) if the treatment data satisfied the Shapiro-Wilk
normality test with p < 0.05. If the treatment data failed the
Shapiro-Wilk normality test, we used Friedman repeated
measures analysis of variance on ranks (RM ANOVA on
ranks) for comparing treatment differences. For all pairwise
multiple comparisons we used the Student-Newman-Keuls
post-hoc test. The differences were considered to be statisti-
cally significant if p < 0.05. Hereafter, all uses of the word
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TABLE 1
Statistics for glyph visualization method comparisons. DOF is the

degree of freedoms in the χ2 statistic.

Comparison across all glyph
methods F χ2 p

Median principal stress - 12.0; 2 DOF 0.002
Median principal direction - 15.7; 2 DOF <0.001
Mean mental demand 23.0 - <0.001
Mean temporal demand 14.8 - <0.001
Mean user preference 20.6 - <0.001

“significantly” refers to statistically significant differences.
The statistical tests were performed using SigmaPlot 12.0.

5 RESULTS

In the study, we found a consistent trend in the objective
user performance metrics and the subjective user feedback
for the visualization methods. Participants had the highest
accuracy in determining the state of stress using glyph B
and glyph C. In the subjective feedback, participants most
preferred method was glyph C. In terms of glyph placement
strategy in visualization of the stress and displacement
fields in a 3D volume, CS performed best in both objective
and subjective metrics. The comparison results are described
in detail in the following subsections. Table 1 & 2 show the
statistics for the various comparisons.

In the graphs, we use boxplots to visualize the distribu-
tion for each treatment. The boxplots are generated using
Seaborn version 0.9.0, a Python data visualization library,
with the default parameters. The boxplots show the data
median, first quartile and third quartile, while the whiskers
extend to show the rest of the distribution, except for points
that are determined to be outliers. The dots on the boxplot
plot show the raw data values. In the graphs, a statistically
significant difference between two treatments is shown by a
line connecting their boxplot with an annotation for the p-
value. The symbols *, **, and *** represent p values of <0.05,
<0.01,<0.001 for pairwise Student-Newman-Keuls post hoc
test after One Way RM ANOVA. The symbol + represents
p value of <0.05 for pairwise Student-Newman-Keuls post
hoc test after RM ANOVA on ranks.

5.1 Glyph
In the following sections, we show user accuracy and subjec-
tive user feedback on various glyph methods to visualize the
stress tensor. As before, in the graphs and discussion we use
the following abbreviation for the three glyph methods: A =
extended SQ glyph; B = red-blue color encoded extended
SQ glyph; and C = red-blue encoded SQ glyph. Table 1
shows the statistics for the glyph visualization methods
comparisons.

5.1.1 Quantitative summary
Across all tasks, participants had the highest absolute me-
dian principal stress error and median principal direction
error for A, which are significantly larger than that for B
and C (see Figure 5). We found no significant difference
in participants estimations of principal stress and directions
between B and C. We also found no significant differences
between user times in completion of trials for each glyph
design.

+
+

+
+

Fig. 5. Participant error in estimating the state of stress tensor. Top:
Absolute participant error in determining the principal stress values
across all glyphs. Bottom: Participant error in determining the principal
stress directions across all glyphs. The symbol + indicates p values
<0.05 for pairwise Student-Newman-Keuls post hoc test.

5.1.2 Subjective summary

In the post-task questionnaires, participants ranked A to
have the highest mental and temporal demand across all
methods, which was significantly higher than B, which was
in turn significantly higher than C (see Figure 6). This is an
interesting result since we found no significant difference
between B and C in objective quantitative errors. This trend
holds true in the participant preference rating. Participants
rated C as their most preferred method, followed by B and
then A. The differences across all combinations of A, B, and
C in preference rating was significant.

5.1.3 Debriefing

In the debriefing session, participants said that they pre-
ferred B and C over A because just relying on the per-
ception of the size of the glyph to estimate the magnitude
of the principal stresses was challenging. The additional
colormap for the continuous range of principal stress values
on B and C instead of binary colors on A helped them
in determining the principal stresses more accurately. Some
participants reported that the gradient of colors on B and C
further assisted them in estimating principal directions. The
majority of the participants preferred C the most because
of its “simple shape.” They found the shape of glyph A
and B to be “complex” as the superquadric glyphs took a
concave shape for the indefinite tensors. Some participants
commented that they did not find it necessary to highlight
indefinite tensors through this change in shape. Many par-
ticipants said because of the “simple shape” of C it was
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*

Fig. 6. Subjective user feedback on the glyph designs. Top: Mental
demand in determining the state of stress across all the glyph designs.
Middle: Temporal demand in determining the state of stress across all
the glyph designs. Bottom: User preference rating in determining the
state of stress for the glyph designs. The symbols *, **, and *** indicate
p value <0.05, <0.01 and <0.001 for pairwise Student-Newman-Keuls
post hoc test.

easier to learn C compared to A and B. Few users found
that the “pointy feature” of glyph A and B for indefinite
tensors helped in better estimating the principal directions
compared to the “convex or rounded shape” of C. Two
users suggested that having a glyph with a similar “pointy
features” of extended SQ glyph along all the principal direc-
tions will be better in estimating all the principal directions
than the “convex shape” of glyph C.

5.2 Glyph placement
In this section, we compare the user accuracy and sub-
jective user feedback for two glyph placement strategies
coupled with two different glyphs A and C to visualize
stresses and displacements in a 3D space. Here we compare
glyph placement strategy of placing stress tensor glyphs

TABLE 2
Statistics for glyph placement visualization method comparisons. DOF

is the degree of freedoms in the χ2 statistic.

Comparison across all glyph
placement methods F χ2 p

Mean stress insights error 24.7 - <0.001
Median principal direction error - 15.6; 3 DOF <0.001
Median mental demand - 22.0; 3 DOF <0.001
Mean temporal demand 9.6 - <0.001
Mean user preference rating 12.7 - <0.001

on displacement streamlines against a baseline of placing
glyphs on a 3D Cartesian grid. As before, in the graphs
and discussion, we use the following abbreviations for the
methods: AG: Glyph A on a 3D grid; CG Glyph C on a 3D
grid; AS Glyph A on displacement streamline, CS Glyph C
on displacement streamline. Table 2 shows the statistics for
the glyph placement visualization methods comparisons.

5.2.1 Quantitative summary
The user stress insight errors were significantly lower for CG
and CS compared to AG and AS (see Figure 7). The results
align with prior findings that users had better accuracy in
determining stress with C compared to A. While just com-
paring glyph placement strategy for both A and C, users
had lower stress insight errors when glyphs were placed
on displacement streamlines, but the differences were not
statistically significant.

All the visualization methods used the same glyphs to
represent local displacement. The only difference across vi-
sualization methods for displacement glyph was their place-
ment strategy. Users had significantly lower displacement
insight errors when the glyphs were placed on displacement
streamline for AS and CS compared to a 3D Cartesian grid
for AG and CG (see Figure 7).

5.2.2 Subjective summary
Participants ranked CS to have the lowest mental and tem-
poral demand, which was significantly lower compared to
all the other methods in visualizing the stress and displace-
ments fields in a 3D space (see Figure 8). We found no signif-
icant difference in mental demand among all the other meth-
ods. CG had significantly lower temporal demand compared
to AG. We found no significant difference between AG
and CG compared to AS. CS was the most user preferred
method. The preference for CS was significantly higher than
all the other methods. Among the other methods, CG was
significantly more preferred than AG. Furthermore, most
users also agreed that visualizing displacements along with
stress helped in visualizing the trends in stress tensor fields.

5.2.3 Debriefing
In the debriefing session, the majority of the users reported
that they preferred placing glyphs on displacement stream-
lines as it allowed them to better visualize displacement
fields, which in turn intuitively helped them to understand
the underlying stress fields. Few users commented that
placing glyphs on displacement streamlines made the whole
visualization more aesthetically pleasing. Some participants
said that they experienced loss of relative position and
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Fig. 7. Quantitative user error in estimating stress and displacement
fields in 3D space. Top: User stress insight errors across all visualization
methods Bottom: User displacement insights error across all visualiza-
tion methods. The symbols + and *** indicate p values of <0.05 and
<0.001 for pairwise Student-Newman-Keuls post hoc test.

orientation with placing glyphs on a 3D Cartesian grid, as
the visualization looked similar from different angles.

Many participants said that they preferred C over A as
it was easier to estimate stress magnitude more easily from
the colormap of C rather than just the size of glyph A. Some
user said that while the VR experience and the ability to look
at glyph A from different angles allowed them to estimate
the stress magnitude better, it still required more time than
C. Several participants said that they found that A looked
smaller when it took the concave shape for indefinite stress
tensor, which created a perceptual asymmetry between in-
definite tensor, and positive and negative-definite tensors.

In their daily workflow, the majority of the participants
graphed contour plots of line plots of individual stress
components to visualize the stress field. Most of the partici-
pants found that CS was an improvement over their current
visualization method. However, few participants added that
CS was more appropriate for a general overall exploratory
analysis of the stress field. For a more in-depth under-
standing of the stress field, particularly in cases of high
spatial frequency changes in the stress field, they see more
value in line plots and contour plots of individual stress
components in that local region. Several users reported that
they preferred experiencing the visualization in VR over a
desktop screen as it allowed them to be inside the 3D space
of the visualization. Few participants said having the stress
visualization with the VR experience integrated with their
every day finite-element analysis software would be crucial
in the adoption of the visualization technique in their daily

+
+

+
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*
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*
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***

Fig. 8. Subjective user feedback on the visualization methods. Top: Men-
tal demand in understanding the stress and displacement fields across
all methods. Middle: Temporal demand in understanding the stress
and displacement fields across all methods. Bottom: User preference
rating in understanding the stress and displacements fields across all
methods. The symbols +, *, **, and *** indicate p values of<0.05,<0.05,
<0.01 and <0.001 for pairwise Student-Newman-Keuls post hoc test.

workflow.

5.2.4 Pilot studies
In our pilot studies, we explored various glyph placement
strategies. We examined glyph placement on tensorlines
along a one principal direction field. This strategy worked
well for tensor fields with one major principal stress but
did not generalize effectively for other cases. We also in-
vestigated placing glyphs on hyperstreamlines, which in-
corporate principal stress and principal directions along the
tensorline. But this method was limited to a very low resolu-
tion because of clutter in 3D space. We also explored placing
glyphs on points generated by anisotropic dart throwing
with glyph separation distance based on scalar quantities
like stress magnitude or von Mises stress. This strategy
allowed for sparse glyph placement avoiding clutter, but
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Fig. 9. Distribution of participant scores on the cube comparison test to
evaluate mental rotation ability.

it failed at showing the underlying continuous structure in
the tensor field.

5.3 Between-group differences

5.3.1 High vs. low mental rotation ability
The distribution of participants’ scores on the cube compar-
ison test to assess their mental rotation ability is shown in
Figure 9. We looked for between-group differences based on
the cube comparison test scores to check if higher quantita-
tive errors for glyph and glyph placement trials correlated
with lower cube comparison scores. For this comparison, we
used a threshold of 10 points to divide participants into two
groups. The participant group with scores of more than 10
points were considered to have high mental rotation ability
compared to the group, that scored less than 10 points. We
examined these between-group differences for every error
metric for each visualization method in the glyph and glyph
placement trials. Among all the comparisons, only for glyph
B did we observe that the group with higher mental rotation
scores had significantly lower (p = 0.002) eigenvector errors
compared to the group with lower mental rotation scores.
While we did not find a significant correlation between
mental rotation scores and the effectiveness of the visualiza-
tion, that is not evidence for no correlation. A future study
with more participants or trials might find a significant
correlation.

5.3.2 Novice vs. Expert
We classified the two undergraduate and the ten doctoral
student participants as novices and experts respectively. We
found no evident pattern between novices and experts in
the error metrics for all the visualization method in each of
the glyph and glyph placement trials.

6 DISCUSSION

6.1 Glyph user study

While both glyphs B and C had the highest objective accu-
racy scores, in the subjective feedback C performed the best.
The results aligned with our hypothesis. User comments
validated our design idea that a colormap coupled with the
size of a glyph gives the best estimation of the principal
stresses. The relatively simple shape of C also contributed
to the higher user preference rating. A limitation of C is that
its color encoding leads to artificial highlighting of principal
directions, which may be irrelevant for nearly isotropic
tensor cases.

Despite the same shape, B had higher accuracy than
A on the estimation of principal direction, suggesting that
using a gradient of color to represent principal stresses on
the glyph improves the user perception of the shape and
orientation of the glyph.

The limitation of the glyph accuracy tests are task com-
plexity in the selection of principal directions and restricting
participants to only view the glyph from one viewpoint.
However, accuracy tests aimed at comparing the various
glyph designs, not to obtain absolute errors associated with
glyph perception. Additionally, Schultz et al. [18] also had
the halos around glyph A to improve the glyph visibility
even as eigenvalues get close to zero. In our evaluation,
owing to the incapability of Matlab’s visualization toolbox
to generate halos, in our trial, A was evaluated without the
halos. However, as only 14.8% of cases in our glyph evalua-
tion trial had eigenvalues near zero, i.e., having an absolute
value less than 0.2, we hypothesize that the omission of
halos would not have a significant impact on the relative
performance of the various glyphs in our user trial. To be
certain, this would need to be tested in a future experiments.
Additionally, in the future, halos could be included in our
proposed glyph C to address the issue of eigenvalues getting
close to zero and possibly improve the overall aesthetics and
glyph shape perception.

6.2 Glyph placement user study

Overall, CS performed the best in the stress and dis-
placement insight errors, and subjective user rating. Glyph
placements on displacement streamlines had similar stress
insight errors and, as expected, significantly lower displace-
ment insight errors for both glyphs A and C. However,
in most of the subjective user metrics, glyph placements
on displacement streamlines performed the best for both
A and C. When comparing A and C, again as previous
results indicated, C performed significantly better in stress
insight errors and the subjective user metrics. A difference
to note is that the glyph accuracy tests performed in the
Matlab GUI used orthographic projection, while the glyph
placement tests in VR used perspective projection.

Designing a user task to evaluate user understanding of
a tensor field was challenging. We created the user trial con-
sidering the most typical analysis applications in mechanical
engineering, where experts are searching for regions of
stress concentrations or high-stress values and also varia-
tions of tensor fields. It is also true that many mechanical
analysis applications do not require searching high-stress
regions. But coming up with user tasks which evaluate
and encompass needs of the weird variety of mechanical
analysis is not trivial. While it can also be pointed out that if
the mechanical analysis task required identifying regions of
large stress concentration, such regions could be highlighted
instead of asking users to search for these regions. However,
the fact that users could identify high-stress value regions
indicates to some extent that the users were able to explore
and understand the tensor fields in the user tasks. Thus,
owing to the nature of the trial, we believe that while stress
insight errors are useful in making comparisons between
methods, they do not provide a complete evaluation of
methods. Instead, subjective user metrics and comments
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offer a significant measure of the overall effectiveness and
usefulness of the visualization method.

In our method, we visualized the stress tensor and the
displacement vector fields at the same time. The participant
feedback showed that the visualization of the displacement
field assisted them in understanding the tensor field. How-
ever, if required, the displacement glyph can always be
dropped from the visualization.

The trial only tested two tensor field datasets for each
method because the study design was already about 2 hours
long and any additional testing of another tensor field
would have made the study prohibitively long to recruit
participants.

6.3 Glyph color encoding
The goal of our color encoding is to distinguish the sign
of the principal stress, encode the value of the principal
stress, and to improve the user estimation of the principal
stress direction. Instead of uniform colors for each principal
direction, our color encoding generates a gradient of color.
The color saturation decreases as a quartic function of the
distance to ensure a large region of the glyph had the
color match with the principal stress value both in sign and
magnitude from the colormap. Utilizing a simple diverging
colormap would not result in such a color encoding scheme.
Furthermore, the principal stress magnitude is dually en-
coded both from the size and the color of the glyph. The
quartic function of the color saturation also ensures only a
small region on the glyph had a strong gradient, which was
aimed at improving principal direction estimation.

Similar color gradient effects can also be achieved using
angular subdivision from the principal directions instead of
the distance computations. While we investigated utilizing
angular subdivisions, our results from the distance com-
putations looked more aesthetically pleasing and satisfied
our design goals. However, in future studies, approaches
utilizing angular subdivisions for color encoding can be
explored.

The shading and highlights added to the glyph improve
the 3D perception of the glyph geometry, which, in turn,
aids the user estimation of the principal stress magnitude
from the size of the glyph. At the same time, the shading
and highlights on the glyph also impede the ability to
accurately evaluate the glyph color and its corresponding
principal stress value from the colormap. Thus, there is a
delicate balance in the use of shading, and it needs to be
customized according to the display medium being utilized.
While the lighting conditions can be improved further, such
improvements will affect all the glyphs, and it should not
change the relative performance of the glyphs.

Lastly, estimating the principal stresses from the glyph’s
color and geometry was more challenging in the glyph
user study because the users were not allowed to alter
the viewpoint from which they were observing the glyph.
However, this task did become more effortless in the glyph
placement study where the users in VR could change their
view from which they were observing the glyph. Further-
more, in the presence of multiple glyphs in the visualization,
the neighboring glyphs can be used to compare the relative
changes in the color, size and shape of the glyphs; so the
trends in the stress tensor field can be more easily observed.

6.4 Virtual reality as display medium

In the glyph placement user trial, we used VR as the mode
of the display because multiple glyphs-based tensor field vi-
sualization is highly information dense. Each glyph through
its shape, size, and color represents a six-dimensional tensor
quantity placed in a 3D space. The immersive experience of
VR increases the capability to gauge the 3D cues in the visu-
alization, thus achieving a more accurate perception of the
tensor field. Therefore, to evaluate and compare visualiza-
tion at their most effectiveness, we utilized VR as the mode
of display in the glyph placement study. In comparison, we
expect all the visualizations to have reduced performance in
a desktop setting. However, we hypothesise that rankings
of the visualizations may well stay the same in 2D displays
because many of the relevant 3D visual characteristics will
also be relevant in 2D displays. But further studies would be
required to compare the effectiveness of the visualizations
on 2D displays conclusively.

6.5 Scalability

Using our method, the visualization of stress tensor fields
varying with high spatial frequency would require very
dense sampling of the tensor glyphs. While this is techni-
cally possible, perceptually having too many glyphs leads
to occlusion and clutter in visualization and would make it
hard for the user to see the underlying continuous structures
in the tensor fields. Thus, our approach is limited to visu-
alizing low spatial frequency stress fields. Future studies
could explore interactive approaches for the visualization of
high-spatial frequency stress fields, where, in the zoomed-
out state low spatial frequency content of the stress field
is visualized, and on zooming in on a particular region,
the higher spatial frequency content of the stress field is
visualized.

In this study, we did not explore the computational
performance limitation of the visualization with too many
glyphs. In user trials, our visualizations had up to 958
glyphs, and a standard VR capable laptop was able to
render it with ease. In these visualizations, we used 1860
vertices and 3416 faces to achieve the dense coloring of
the glyphs. However, the color and triangulations can be
sampled more sparsely to reduce the computational cost of
the visualization.

7 CONCLUSION

In this paper, we present an adaptation of design strategies
for glyph-based visualizations for 3D stress tensor fields.
We also conduct formal user studies to evaluate various
glyph based tensor visualization methods. The results of
user studies with domain experts show that the use of
red-blue encoded SQ glyph (glyph C) most effectively and
accurately showed all the components of the stress tensor
at a discrete location. Moreover, by combining glyph C
with glyph placement on displacement streamlines (CS),
users could observe the continuous internal structures in
the 3D tensor field. Another contribution of our method is
that it can show both the displacement and stress tensor
fields in the same visualization. Using our visualization
method, experts can gain insights and intuitions of stress
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tensor fields to solve various problems with applications
in mechanical engineering. We also summarized the design
lessons learned through user studies with domain experts.
This information could be useful in guiding the develop-
ment of further useful stress tensor field visualizations.
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